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WEIGHTED CONDITIONAL TYPE OPERATORS BETWEEN 
DIFFERENT ORLICZ SPACES 


Y. ESTAREMI 


Abstract. In this note we consider weighted conditional type operators be¬ 
tween different Orlicz spaces and generalized conditional type Holder inequality 
that we defined in [2]- Then we give some necessary and sufficient conditions 
for boundedness of weighted conditional type operators. As a consequence we 
characterize boundedness of weighted conditional type operators and multipli¬ 
cation operators between different L^-spaces. Finally, we give some upper and 
lower bounds for essential norm of weighted conditional type operators. 


1. Introduction and Preliminaries 

The continuous convex function $ ; M ^ R is called a Young’s function whenever 

(1) <i>(a;) = 0 if and only if x = 0 . 

(2) $(x) = $(-x). 

( 3 ) hma;^.oo = oo, lini2;^oo $(a;) = oo. 

With each Young’s function $ one can associate another convex function : 
R —> R+ having similar properties, which is defined by 

$*(?/) = sup{x|?/| — $(x) : X > 0 }, y e R. 

Then $* is called the complementary Young’s function of $. The following prop¬ 
erties also are immediate from the definition of Young functions. 


Proposition 1.1. 0 Let $ be a Young’s function. Then $, $* are strictly in¬ 
creasingly so that their inverses ^ are uniquely defined and 

(i) $(a) -I- $(6) < ^{a + b), $”^0) - 1 - $"^(6) > -|- b), 0,6 > 0 , 

(ii) a < < 2a, a > 0. 

A Young’s function $ is said to satisfy the A2 condition (globally) if <i>( 2 x) < 
fc$(x), X > xq > 0 (xq = 0 ) for some constant fc > 0 . Also, $ is said to satisfy the 
A'(vO condition, if 3 c > 0 {b > 0) such that 

< c<l>(x)$(y), x, y > xo > 0 

{^{bxy) > $(x)$(y), x, y > yo > 0). 

If xo = 0 (yo = 0 ), then these conditions are said to hold globally. If $ G A', then 
$ G A2. 
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Let be two Young’s functions, then $ is stronger than 'L, $ >- [or 'I' ^ 
in symbols, if 

^'(a;) < $(aa;), a; > a;o > 0 

for some a > 0 and xq, if a^o = 0 then this condition is said to hold globally. A 
detailed discussion and verification of these properties may be found in [4] . 

Let (n,E,/i) be a measure space and d) be a Young’s function, then the set of 
S-measurable functions 

L‘^(E) = {f ■.n^C:3k>0, [ <^{k\f\)dfi < oo} 

Jn 

is a Banach space, with respect to the norm N^{f) = inf{A: > 0 : < 1}. 

(L*(E), A^$(.)) is called Orlicz space. If $ G A 2 , then the dual space of L^(S) is 
equal to (S). The usual convergence in the orlicz space L^(E) can be introduced 
in term of the orlicz norm N^{.) as Un ^ u in L'^(E) means — u) —>■ 0. Also, 

a sequence {un}'^^i in L*(E) is said to converges in $-mean to m G L^(E), if 

lim m)= lim / = 0. 

n—^■oo n—^■oo 

For a sub-cr-finite algebra ACE, the conditional expectation operator associated 
with A is the mapping / E'^f, defined for all non-negative, measurable function 

/ as well as for all / G L^(E) and / G L°°(E), where E-^f, by the Radon-Nikodym 
theorem, is the unique A-measurable function satisfying 

[ fdn= [ E^fdn, VAgA. 

JA J A 

As an operator on L^iEi) and E-^ is idempotent and E-^{L°°{T,)) = L°°{A) 

and E-^{L^(T,)) = L^(A). Thus it can be defined on all interpolation spaces of 
and L°° such as, Orlicz spaces [1]. We say the measurable function / is conditionable 
with respect to u-subalgebra A C E if E-^{f) is defined. If there is no possibility 
of confusion, we write E{f) in place of E-^{f). This operator will play a major role 
in our work and we list here some of its useful properties: 

• If g is A-measurable, then E{fg) = E{f)g. 

• ip{E{f)) < E{ip{f)), where (/? is a convex function. 

• If / > 0, then E{f) > 0; if / > 0, then E{f) > 0. 

• For each / > 0, S{f) C S{E{f)), where 5'(/) = {x € X-J{x) ^ 0}. 

A detailed discussion and verification of most of these properties may be found in 
[3]. We recall that an A-atom of the measure g is an element A G A with /r(A) > 0 
such that for each F G A, if F C A, then either = 0 or = g,{A). A 
measure space (17, E, /x) with no atoms is called a non-atomic measure space. It 
is well-known fact that every cr-finite measure space (17, E,/x) can be partitioned 
uniquely as 17 = (UneN where is a countable collection of pairwise 

disjoint E-atoms and i?, being disjoint from each Cn, is non-atomic [B]. 

Let / G L^(E). It is not difficult to see that ^{E{f)) < E{^{f)) and so by some 
elementary computations we get that N^{E{f)) < N^{f) i.e, F is a contraction 
on the Orlicz spaces. As we defined in [2], we say that the pair (F, $) satisfies 
the generalized conditional-type Holder-inequality (or briefly GCH-inequality) if 
there exists some positive constant C such that for all / G F®(f7,E,/x) and g G 
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L'^(r2, S, /i) we have 

where is the complementary Young’s function of <f>. There are many examples of 
the pair {E,^) that satisfy GCH-inequality in [5]. 

This work is the continuance of [2]. In this paper we investigate boundedness of 
weighted conditional type operators between different Orlicz spaces by considering 
GCH-inequality. The results of the section 2 generalizes some results of [2] and [5] . 
In section 3 we find some upper and lower bounds for weighted conditional type 
operators on Orlicz spaces. 

2. Bounded weighted conditional type operators 

First we give a definition of weighted conditional type operator. 

Definition 2.1. Let be a a-finite measure space and let Ahe a. a- 

subalgebra of E such that (H, A) is also cr-finite. Let E be the corresponding 
conditional expectation operator relative to A. If u G E°(S) (the spaces of E- 
measurable functions on H) such that uf is conditionable and E{uf) G L'^(E) 
for all / G H C L*(E), where H is a linear subspace, then the corresponding 
weighted conditional type operator (or WCT operator) is the linear transformation 
Ru'-V ^ L*(E) defined by / —>■ E{uf). 

In the first theorem we give some necessary conditions for boundedness of i?„ : 
L‘^(E) L'*'(E), when $ ^ T and some sufficient conditions, when $ ^ ik. 


Theorem 2.2. Let WCT operator i?„ : I) C L‘^(E) —?> L^(E) be well defined, 
then the followings hold. 

(a) Let /i(H) < oo (/i(H) = oo) and <1) ^ ip (globally). Then 

(i) If Ru is bounded from L^(E) into L*(E), then E{u) G L°°{A). 

(ii) If Ik G A'(globally) and is bounded from L‘^(E) into L'^(E), then 
^*~\e{^>*{u))) G L^iA). 

(b) Let ^(H) < oo (^(H) = oo) and ip ^ $ (globally). Moreover, if {E,'^) 
satisfies the GCH-inequality and T* ^(ill(5'*(u))) G L°°{A), then i?„ is bounded. 
In this case, ||i?M|| < Cllik* (i?(il'*(u)))||oo, where the constant C comes from 
GCH-inequality. 

Proof, (a)-(i) Suppose that E{u) ^ L°°(M). If we set = {u> G H : 
\E{u){w)\ > n}, for all n G N, then En € A and /i(i?„) > 0. Since (H,M,,^) 
has the finite subset property, we can assume that 0 < fi{En) < oo, for all n G N. 
By definition of we have 

EuUeJ = E{uxeJ = E{u)xe^ > nxE„- 

Since <I> ^ ik and the Orlicz’s norm is monotone, thus there exists a positive constant 
c such that 

1 1 71 

c c c 

This implies that Ru isn’t bounded. Therefor E{u) should be essentially bounded. 
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(a)-(ii) If 'F* (i?('I'*(w))) ^ L^{A), then fi{En) > 0 , where 

En = {wG^}: 'i>*~\E{'i>*{u))){w) > n} 
and so En € A. Since 'F G A', then € V^ i-®-; 3 & > 0 such that 
5 '*(&a;j/) >'f*(x)'I'*(j/), x,y> 0 . 

Also, G A2. Thus (L'^)* = and and so T* = : 

(A) —>■ (E), is also bounded. Hence for each fc > 0 we have 


Jn N^AXeJ Jn y{En) 


> 


> 


ck'S* (-77^) 
b 

) r‘lc — ^ 1 

(^)) 


1 f^Ic 


Thus 


jQ N-i^AXEj Jn 

as n ^ cx), where /„ = Thus N^*{Mu{fn)) 00, as n —)■ 00. Since 

Af$.(M„(/„)) < N^*{Mu{fn)), then A^$*(M^u(/„)) ^ 00, as n ^ cx). This is a 
contradiction, since M„ is bounded. 

(b) Put M = ll'P* \a('I'*('u)))||oo- For / G L^(E) we have 

/ 


Ejuf) 




)d/i= / 


< / ^( 

Jn 


E(i 




CM 


)dfi 


C'^*- {E{^{^)))^,*- iE{^*{u))) 


Jn 


f 


N^if) 


CM 

))))dy 


)dy 


In'^^N^if) 


)dfj,. 


Now for the case that y{Xl) = 00 and 'I' ^ $ globally, easily we get that 

/ 




And for the case that /i(H) < 00 and ^ there exist c > 0 and T > 0 such that 
for all t > T we have 'l'(t) < <h(t). Let 




N = ^{T)^i{n), 
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then we have 


<N+1. 


So -/V,i,(i?„(/)) < CMN^{f), N^{Ru{f)) < CM{N + l)N^{f), respectively for inh- 
nite and finite cases. Thus is bounded in both cases and ||i?„|| genii'* {E{"i>*{u)))\\ao, 
ll^till < C{N + 1)11^'* ^ {E{'^*{u)))\\oo, respectively for infinite and finite cases. 


Theorem 2.3. Let WCT operator : 2? C L*(E) —s- L'*'(E) be well defined. 
Then the followings hold. 

(a) Let cl)*ov]/*“i ^ 0 globally for some Young’s function 0. If $* G A'(globally), 
0 G v'(globally) and 
(i) Ll(d>*(u)) = 0 on B, 
nil sim ^ 

(11) SUp„gN < OO, 

then is bounded. In another case, if € A'(globally), 


snpA($*(fi))(Al„)Ai(T„)$*(vl/*- (^yw)) < (X) 
new M(^nj 


and (i) holds, then is bounded. 


(b) If $* o iL* is a Young’s function, $* G x/' globally and i?„ is bounded from 
L^(S) into L'^(E), then 

(i) E(^*(u)) = 0 on B, 

(ii) sup„gNA($*(u))(A„)/x(A„)$*(T*”'(^j^)) < oo. 


Proof, (a) If we prove that the operator (A) -5- (S) is bounded, 

then we conclude that i?„ = (Mu)* from L'^(E) into L'^(S) is bounded. So we 
prove the operator is bounded under given conditions. Since $* G A' and 
0 G globally, then there exist 6, 5' > 0 such that the following computations 
holds. Put M = sup„gpj ' Therefore, for every f G L'^ (»4) we get 
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that 


OO ^ 

OO p 

OO p 

<Mb±e(!^)e<s,-(j^^)(A^) 

<M60(1). 

This implies that ^*( at^.(/)(M ie(^)+i) ^ + !)■ 

Therefore the WCT operator i?„ is bounded. For the other case also by the same 
way we get that i?„ is bounded. 

(b) Suppose that i?„ = from L'^(S) into L'^(S) is bounded, then the multi¬ 
plication operator from (^) into (E) is bounded. First, we show that 
E{^*{u)) = 0 on B. Suppose on the contrary. Thus we can find some <5 > 0 such 
that ndw G B : E{^*{u)){w) > 5}) > 0. Take F = {w G B : E{^*{u))(w) > 5}. 
Since F C _B is a ^-measurable set and A is a-finite, then for each n G Af, there 
exists Fn C F with Fn G A such that ^i{Fn) = Define /„ = ) ■ It is 

clear that /„ S F'*' {A) and N<^»{fn) = 1. Hence for each fc > 0 we have 




In Nq,^{xF„)' 


^KFn)' 


= / (-r^))XF„dF 

r *^*’'(717^) 


> 


> 




^ IFPA 
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Since o i]/* 


is a Young’s function, then 


(Ttfer)) 


mKi) 


—> oo when n —> oo. 


Therefore j )dfi —>■ oo when n —>■ oo for each fc > 0 and so (uf„) —> 

oo when n —^ oo. This is a contradiction. It remains to prove (ii). Let /„ = 
then we have 


1 > / $*( 


Ufn 


Q iV$*('u/„) 


)dy 




\\Mu\\ 


)dy 


> f 

Jn 

^ 'l 


Hence we get that 


supEi<^*{u)){An)^*{'f* 






‘^*(h2||Mo||) 


< OO. 


This completes the proof. 


In the next proposition we give another necessary condition for boundedness of 
Ru- I think it’s better that others. 


Proposition 2.4. Let WCT operator i?„ : V C L^(S) L'^(E) be well 

defined. And let $, G A' and d>o<I>“i be a Young’s function. The WCT operator 
Ru into L'^(S) is bounded, if the following conditions hold; 

(i) A($*(u)) = 0 on B, 

<I>o<I>* ^ (E(<I>*(«))(A„))p(A„) 


(ii) sup„gN ■ 




< oo. 


In another case, if iL o <I>“i isn’t a Young’s function, but o ^ 0 for some 
Young’s function 0. Then the operator WCT operator into L'^(S) is bounded, 
if the conditions (i) and (ii) hold. 
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Proof. Let / € L^{n) such that -/V$(/) < 1. Then we have 

< M/ O $"1 (^(ij($(-^)))(A„)^(A„)) 

< M/ o $-1 (^(L;($(-^)))(A„)Ai(A„)) 

< M'E' o $ ^(1). 

Hence 

f VI,(_ EM _ )dn < 1 

Consequently we get that 

N^{E{uf)) < (M5' o $"\l) + l)iV$(/). 

Thus the operator i?„ is bounded. If 'h o ^ 0 for some Young’s function 0, 
by the same method we get that 

N^iEiuf)) < (M0(l) + l)iV$(/). 

So this also states that the operator i?„ is bounded. 


Remark 2.5. If (H, E,/i) is a non-atomic measure space, then under assump¬ 
tions of Theorem 2.3, there is not any non-zero bounded operator of the form 
from L^(S) into L'^(S). 

Put $(x) = ^ for a: > 0, where I < p < oo. It is clear that $ is a Young’s 
function and $*(a;) = where 1 < p' < oo and ^ -I- ^ = 1. If 'I'(a;) = — for 

X > 0, where 1 < p < g < oo. Then <I>* o ^ 

<j)* o is a Young’s function. These observations and Theorems 2.3, 2.4 give us 
the next Remark. 


Remark 2.6. Let : V C L^iT,) —> L‘^(S) be well defined. Then the operator 
Ru from LP{Y,) into L9(S), where 1 < p < g < oo, is bounded if and only if the 
followings hold: 

(i) E{\u\P') =0onB. 

nil "im E(\u\^')(Ar,) ^ 

fill sup „>0 -p— < OO. 

;x(A„)Y 


In addition, we get that there is not any non-zero bounded operator of the form 
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Ru from LP into L®, (1 < p < q < oo) when the underlying measure space is 
non-atomic. 

Specially, if ^ = S, then E = I and so the multiplication operator from 
LP(E) into is bounded if and only if 

(i) u = 0 on B. 

(ll) sup „>0 - 1 _ 1 < oo. 

Here we recall a fundamental Lemma, which is as an easy exercise. 

Lemma 2.7. Let <i>i, i = 1,2,3, be Young’s functions for which 

$3(a;y) < $i(a;) + $2(2/), x>0,y>0. 

If fi G (E), 1 = 1,2, where (H, E, p) is any measure space, then 

1V$3(/i/2) < 2 A^$j(/i)iV$2(/2). 

Theorem 2.8. Let $ and iL be Young’s functions an : V C L'*'(E) —)■ L'*'(E) 
be well defined. Then the followings hold: 

(i) Suppose that there exists a Young’s function 0 such that 

'^{xy) < $(x) + 0(2/), X > 0,y > 0 

and (E,^) satisfies GCH-inequality. In this case if \i?($*('u))) € L^{A), then 
the WCT operator from L^(E) into L'*'(E) is bounded. 

(ii) Let 0 = 5'* 0$* ^ be a Young’s function, 0 G A 2 and $* G A 2 . In this case 
if WCT operator is bounded from L^(E) into L'*'(E), then E{^*{u)) G L® (.4). 
Consequently (A($*(u))) G 

Proof, (i) Let / G L^(E) such that iV$(/) < 1. This means that 

[ ^^-\Emm)dy = [ <i>(/)d/x<i, 

Jn Jo, 

hence iV$(<I>“^(i?(<I>(/)))) < 1. By using CCH-inequality we have 

N^{E{uf)) < N^{^-\E{m))))Ne{^*~\E{^*{u)))) 
<iVe($*"(A($*(u)))). 

Thus for all / G L^iE) we have 

N^,{E{uf)) < N^{f)Ne{<^*-^E{‘^*{u)). 

And so the operator Ru is bounded. 

(ii) Suppose that Ru is bounded. So the adjoint operator Mu = (Ru)* ■ 
(A) —>■ L* (E) is also bounded. For / G L^(A) we have $* \/) G L'^ (A). 
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Consequently we get that 

Jfi Jfi 

<b [ <i>*{u<^>*~\f))dti 
Jn 

= b [ <i>*{Mu{<i>*~\mdfi < oo. 

Jn 

Therefore E{^* {uj)fdiJ, < oo for all / G L^{A). This implies that E{^*{u)) G 
L® (A). This completes the proof. 


Remark 2.9. Let i?„ : V C LP(E) be well defined. Then the operator 

Ru from L'p{Yj) into L'^(S), where 1 < q < p < oo, is bounded if and only if 
{E{\u\P ))7' G L^{A), where r = 

Specially, if ^ = S, then E = I and so the multiplication operator from 
LP(S) into T'^(S) is bounded if and only if u G L''{'E). 


Example 2.10. Let id = [—1,1], dp = ^dw and A = {{{—a,a) : 0 < a < 1}) 
(a-algebra generated by symmetric intervals). Then 


E^{f)iw) 


f{w)+f{-w) 

2 


w € il, 


where E-^{f) is defined. Thus E-^(|/|) > -1^. Hence |/| < 2E{\f\). Let <l>(r(;) = 
e™*” — — 1 and ’^{w) = ^ be Young’s functions, where p > 1. For each 

/ G L'^(H,S,/x) we have $(1/1) < 2E($(|/|)). This implies that 

Eilfgl) < 4$-i(E($(|/|)))vI/-i(E(vI-(|5|))). 


If M is a non-zero continuous function on il, then for Young’s function 0(w) = 
(1 -I- wP)log{l -I- wP) — wP we have 


'l'(2;p) < $(a;) + 0(y), —l<a;,y<l. 

So by Theorem 2.8 the WCT operator is bounded from into L'^. But it is 
not bounded from L'^ into L^, because of Theorem 2.3. 

Example 2.11. Let il = [0,1], E be the cr-algebra of Lebesgue measurable subset 


of it and let p be the Lebesgue measure on it. Fix n G {2,3,4...} and let s : [0,1] —>• 
[0,1] be defined by s{w) = w + i(mod 1). Let H = {E G E : s~^{E) = E}. In this 
case 

n —1 

E^if){w) = J^f(s^(w)), 

where A denotes the jth iteration of s. The functions / in the range of E^ are 
those for which the n graphs of f restricted to the intervals [^^, ^], 1 < j < n, are 
all congruent. If ^{w) = — I and ^'(w) = ; then for 0(r(;) = $*('u;^) we 

have 


< $(x) -I- 0(y), 0 < X, j/ < I. 
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Then by Theorem 2.8 Ru is a bounded operator from L® into for every non-zero 
continuous function u. But it is not bounded from L'^ into L^, because of Theorem 

2.3. 


3. Essential norm 

Let S be a Banach space and /C be the set of all compact operators on !B. For 
T e the Banach algebra of all bounded linear operators on into itself, the 

essential norm of T means the distance from T to /C in the operator norm, namely 
||T||e = inf{||r — S'!! : ^ € K.}. Clearly, T is compact if and only if ||T||e = 0. 
Let X and Y be reflexive Banach spaces and T G L{X,Y). It is easy to see that 
||T||e = ||T'*||e. In this section we assume that aj = where Aj’s are ^-atoms. 

In the sequel we present an upper bound for essential norm of EM^ on Orlicz 
space For this we first recall some results of [2] for compactness of WCT 

operator i?„. 

Theorem 3.1. [2] Let WCT operator be bounded on L®(E), then the fol¬ 
lowings hold. 

(a) If Ru is compact, then 

N^{E{u)) = {ic G n : E(u){w) > e} 
consists of finitely many atoms, for all e > 0. 

(b) If Ru is compact and $ G A'(globally), then iVe($* \i?($*(it)))) 

consists of finitely many atoms, for all e > 0, where 

N,{<^*~\e{^*{u)))) = {w G : $*“'(F;($*(m)))(w) > e}. 


(c) If (£’,$) satisfies the GCH-inequality and Ns{^* \e($*(u)))) consists of 
finitely many atoms, for all e: > 0, then T is compact. 

Corollary 3.2. [2] Under assumptions of theorem 3.1 we have the followings: 

(a) If (E, $) satisfies the GCH-inequality and $ G A'(globally), then T is compact 
if and only if (E($*(m)))) consists of finitely many .4—atoms, for all e > 0. 

(b) If $* ^ x(globally) and (A, $) satisfies the GCH-inequality, then then T is 

compact if and only if N^{^* (E($*(m)))) consists of finitely many .4,—atoms, for 

all e > 0. 

(c) If (H,.4,/r) is non-atomic measure space,(A, $) satisfies the GCH-inequality 
and $ G A'(globally). Then is a compact operator on L*(E) if and only if 
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Ru = 0 . 

Theorem 3.3. Let Ru ■ —>■ L^(S) is bounded. Then 

(a) If (i?, $) satisfies in GCH-inequality and (32 = inf{e > 0 : iVg consists of 

finitely many ^-atoms}, where = Ng{^* {E{^*{u)))). Then 

\\Ru\\e<Cl32, 

where C comes from GCH-inequality. 

(b) If a„ —> 0 or {a„}„gN has no convergent subsequence. Let /3i = infje > 0 : IVg 
consists of finitely many ^-atoms}, where = Ng{E{u)). Then 


\\Ru\\e>f3l. 

Proof (a) Let e > 0. Then Ne+ 0 ^ consist of finitely many ^-atoms. Put 
Ue+p 2 = uxN^+fj^. -^«e +/32 ■ -^“e +/32 finite rank and so compact. And for 

every / G L^(S) we have 


$( 


Ruif) - Re+^Af) 


n ^ Cie + P2)N^{f) 


)dli= [ $( 
Jn 


This implies that 


Eiuf)xn\N,+/, 

n^^C{e + l32)N^{f) 


)dn 


< / <&( 




)dfj, 


< 


^\Ne + 02 


C{s+P2) 


/ 




)dfi < 1. 


||-R«||e ^ \\Ru — II < C{P2 + £)• 
This mean’s that ||i?ti||e < 1^/32■ 


(b) Let 0 < e < f3i. Then by definition, = Nij^_g{E{u)) contains infinitely 

many atoms or a non- atomic subset of positive measure. If fV/ 3 i-£ consists a non- 
atomic subset, then we can find a sequence {Bn}nefi such that < cx) and 

fi{Bn) 0. Put /„ = ) 1 then for every A G S with 0 < /i(A) < cx) we have 

[ fnXAdtJ. = ^iiAnBu)^-\ . ) < - 

nik) 

when n -A oo. Also, if consists infinitely many atoms {A^}„gN. We set 

/„ = jv^ (y" , ) ■ Then for every A G S with 0 < /r(A) < cxd we have 

[ /nXAdli = A;,)$-1(—^). 

JQ d'K-^n) 
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If {/x(A„)}„gN has no convergent subsequence, then there exists no such that for 
n > no, n{A n A'^) = 0 and if fi{An) —>■ 0 then n{A'^) 0. Thus fnXAd^ = 

> 0 in both cases. These imply that /« —)■ 0 weakly. So 



Wl - £)fn 

N^iRuUn)) 


)dfj, < 


$( 


E{u)fn 


N^iRuifn)) 


)dp. = / $( 

Jn 


Ruifn 


N^iRuifn)) 


)diJ.. 


Thus iV$(i?„(/„)) >/32 - e. 

Also, there exists compact operator T e L(L^(S)) such that ||i?«||e > ||T — 
i?„|| — e. Hence A^$(T/„) o and so there exists A^ > 0 such that for each n > N, 
iV$(T/„) < £. So 


||i?„||e > \\Ru - r|| - e > \N^{Ru{fu)) - N^{Tfn)\ >l 3 i-e-e, 
thus we conclude that ||i?«||e > /^i. 


Corollary 3.4. Let n : fl C be E—measurable and Let M„ : L'^(E) L'^(E). 

If /3 = /3i = /32 = inf{e > 0 : Ng consists of finitely many atoms}. Then 

(a) ||M„||e < /3. 

(b) Let $ € A2 and a„ 0 or {a„}ngN has no convergent subsequence. Then 

ld=\\M^\\e. 
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